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Abstract  Situations in which there are incompatible players were first modeled by
TU games in Bergantifios et al. (1993). In this paper a modification of the Shapley
value for such situations is defined. In Alonso-Meijide and Casas-Méndez (2007) a
modification of the Public Good Index for simple games with incompatibilities was
introduced. In this paper, we define a modification of the Banzhaf value for this kind
of situations and provide two characterizations of it. We illustrate this value with a
real-world example taken from the political field.
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1. Introduction

An n-person cooperative game with transferable utility models conflict sit-
uations where the agents involved can achieve binding agreements and the
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joint utility can be split among the players. One of the most interesting
question that appears is which amount will be allotted to each player.

The most important answer was provided by Shapley (1953) and is
known as the Shapley value. Another interesting value was introduced by
Banzhaf (1965), initially proposed in the context of voting games and later
on extended to general TU games by Owen (1975). A player’s assessment
by means of these values is the average of his marginal contribution to
any coalition to which the player does not belong to. But they differ in
the weights associated to each marginal contribution. The non-normalized
Banzhaf value (from now on we will call it the Banzhaf value) arises when
we assume that every player is equally likely to enter any coalition. The
Shapley value considers that every player is equally likely to join any coali-
tion of a given size and that all such coalitions are equally likely. The main
difference between these two values is that the Shapley value is efficient,
while the Banzhaf value satisfies the total power property. Thus, the Shap-
ley value distributes the total utility among players while the total amount
that players get from Banzhaf’s allocation depends on the structure of the
TU game.

In order to represent cooperative situations more accurately, more sophis-
ticated models appear. Several modifications of the two previous values for
such models have been proposed in the literature. Some of them take into
account the possibility that some players may be more likely to act together
than others as it usually happens in the case of the deputies of a Parlia-
ment who are members of the same political party (Owen (1977; 1982), and
Alonso-Meijide and Fiestras-Janeiro (2002)). In other cases, the commu-
nication among players is restricted by the existence of a communication
graph representing that communication, and hence cooperation, only occurs
among agents who are connected by a path in the graph (Myerson (1977)
and Owen (1986)). In Myerson (1977), a modification of the Shapley value
(the Myerson value) is defined and characterized using the properties of ef-
ficiency in components and fairness. In Owen (1986), a modification of
the Banzhaf value is defined for situations where the communication is re-
stricted by a graph. This value was characterized in Alonso-Meijide and
Fiestras-Janeiro (2006) using the properties of component total power and
fairness.

In this paper, we consider situations where some players are incompati-
ble, that is, there are players that cannot cooperate at all. The incompatibil-
ities among players are described by means of a graph. A link between two
agents indicates that they are incompatible. These situations are studied in
Carreras (1991), Bergantifos (1993), and Carreras and Owen (1996). In the
last paper, a modification of the Shapley value for these situations is defined
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and characterized. The characterization is based on an i-efficiency prop-
erty which establishes that incorporating a link to the incompatibility graph
hurts or benefits the agents involved in the same way. In Vazquez-Brage
(1998) situations with a priori unions and incompatible players are studied.
In Alonso-Meijide and Casas-Méndez (2007) the Public Good Index is de-
fined and characterized when some players are incompatible for the family
of simple games.

The main objective of our paper is to define and characterize a modifica-
tion of the Banzhaf value when some players are incompatible. In Section 2,
we give the main notions related with TU games and games with incompat-
ible players. In Section 3, we define the modification of the Banzhaf value
for games with incompatible players. Finally, we analyze the Parliament of
the Basque Country.

2. Preliminaries
2.1 TU games

A game with transferable utility (or TU game) is a pair (N,v), where N =
{1,...,n} is the set of players and v, the characteristic function, is a real
valued function on 2V = {S|S C N} with v(0) = 0. A subset S C N is called
a coalition. We denote by G (N) the set of TU games with player set N. We
will use shorthand notation and write SUi for the set SU {i} and S\i for the
set S\ {i}.

A null player in a game (N,v) € G(N) is a player i € N such that
v(SUi) =v(S) for all S C N\i. Two players i,j € N are symmetric in a
game (N,v) € G(N) if v(SUi) =v(SUj) for all S C N\ {i, j}.

Given a family of games H C G (N), a value on H is a function f, which
assigns to every game (N,v) € H a vector (f1 (N,v),...,fn(N,v)) € R,
where the real number f;(N,v) is the payoff of the player i in the game
(N,v) according to f. It is useful to single out a list of standard desirable
properties a value may satisfy.

A value f satisfies the transfer property if

FINY)+ f(N,w) = fF(N,vVw)+ f(N,vAw)

for every (N,v),(N,w) € H such that (N,vV w),(N,v Aw) € H, where
(vvw)(S) = max{v(S),w(S)} and (v Aw)(S) = min{v(S), w(S)} for every
SCN.

A value f satisfies the null player property if f;(N,v) = 0 for every
(N,v) € H and every null player i € N.



406 Alonso-Meijide et al.: The Banzhaf Value When Some Players Are Incompatible

A value f is anonymous if f5() (N,v) = f;(N,ov) for every (N,v) € H
and every i € N, where o is a permutation on N such that (N, ov) € H and
(N,ov) is defined by ov(S) = v(c(S)) for every S C N.

A value f is efficient if iy f; (N,v) = v(N) for every (N,v) € H.

A value f satisfies the rotal power property if
Y fi(N,v)= 2,1%1 Y Y [v(SUi)—v(S)] forevery (N,v) € H.
ieN iEN SCN\i

The total power property states that the total payoff obtained by players
is the sum of all marginal contributions of every player normalized by 2"~!.
It is clear that if a value on G(N) is efficient then this value cannot satisfy
the total power property.

The most well-known values on G (N) are the Shapley value (Shapley
(1953)) and the Banzhaf value (Banzhaf (1965) and Owen (1975)). There
is a vast literature concerning characterizations of both the Shapley and the
Banzhaf values. In Feltkamp (1995) characterizations of both values are
provided in terms of some of the previous properties. We recall them here:

The unique value f on G (N) that satisfies efficiency, anonymity, the null
player property, and the transfer property is the Shapley value. Given
a game (N,v) € G(N), this value assigns to each player i € N the real
number:

sl(n—s—1)!

(P[(N,V) = Z

SCN\i

(v(SUi)—v(S)).

n!

The unique value f on G(N) that satisfies the total power property,
anonymity, the null player property, and the transfer property is the
Banzhaf value. Given a game (N,v) € G(N), this value assigns to each
player i € N the real number:

1
on—1

Bi(N.v) = Z

SCN\i

(v(SUi) —v(S)).

Notice that the Shapley value satisfies efficiency while the Banzhaf value
satisfies the total power property.

2.2 TU games with incompatibilities

Let N = {1,2,...,n} be a finite set. An undirected graph without loops
on N is a set of unordered pairs of different elements. These pairs (i : j)
are called links. Note that (i : j) = (j : i). We denote by I" the complete



Essays in Honor of H. Nurmi 407

incompatibility graph on N and by GR (N) the set of all undirected graphs
on N, that is:

N ={(i:j)|i€eN,jeN,i# j}and GR(N) = {I|I C I"}.

Let us take I € GR(N). Given a pair of agents i,j € N, we say that i and j
are incompatible if (i : j) € I.

A TU game with incompatibilities is a triple (N, v,I) where (N,v) € G(N)
and I € GR(N). The set of all such games with common player set N will
be denoted by I(N).

Given (N,v,I) € I(N), we will say that a coalition S C N is I-admissible if
there are not incompatible players contained on it. The case I = 0, represents
the situation in which all coalitions are /-admissible.

If I € GR(N), for any coalition S C N, we denote by P(S,I) the set of all
partitions of S whose classes are I-admissible coalitions. Given I € GR(N),
I¢ denotes the dual graph of I, i.e., I ={(i: j) | i,jEN, i# j, (i:j) &I}.
For any S C N and any I € GR(N), we say that i, j € S are connected in S
by I if I induces a path contained on S connecting i and j, and we denote
by S/I the set of connected components of S (maximal subsets of connected
elements of S) by the graph I. Note that /1 is a partition of S.

For any i € N, we denote by I*! the element of GR (N) obtained from /
when player i becomes incompatible with any other player j € N\, i.e.,

I'"=10{(i: j)€I‘| jEN}.

Given a game with incompatibilities (N, v, 1), Bergantifios (1993) defined
the associated /-restricted game.

Definition 2.1 Given a TU game with incompatibilities (N, v,I) € I(N), we
denote by (N,v') € G(N) the I-restricted game whose characteristic function
is given by,

!
S) = 2 T),forallSCN.
vi(S) P$?§I>T€Pv( ) forall &

A value on I (N) is a function f, which assigns to every game (N,v,I) €
I(N) a vector (f1(N,vI),...,f,(N,v,I)) € R", where the real number
fi (N,v,1) is the payoff of the player i in the game (N,v,I) according to f.

In Bergantifios et al. (1993), a value on I(N) is introduced. The pro-
posed value is closely related to the Shapley value. Moreover, the value is
characterized with the following two properties.
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A value on I (N) satisfies i-component efficiency if

- I) = max T
L Avoh) = max, Y (7).
for every (N,v,I) € I(N) and every S € N/I°.

This property guarantees that each maximal admissible component gets
the largest available amount since it is formed by compatible agents who
can cooperate.

A value on I (N) satisfies i-fairness if

f,'(N,V,I) _fi(N>V’IU(i : ])) :fj(vaag) _fj(N’VJU(i : ]))a

for every (N,v,I) € I(N) and every (i : j) € I°.

This property establishes that incorporating a link to the incompatibility
graph hurts or benefits the agents involved in the same way.

The proposed value is characterized in the next result.

Theorem 2.2 Bergantifios et al. (1993). There is a unique value on I(N)
satisfying i-component efficiency and i-fairness. This value is given by:

p(N,v,I) = @(N, V) for every (N,v,1) € I(N).

In Alonso-Meijide and Casas-Méndez (2007) a new characterization of
this value is obtained. This characterization is based on the axiom of i-
balanced contributions.

A value on I (N) satisfies i-balanced contributions if

ﬁ(vaal) _fl(N7VaI*J) :f/<NaV71) _fj(N7vaI*i)7

for every (N,v,I) € I(N) and every i,j € N.

This property says that the loss or gain of player i when player j becomes
incompatible with any other player is equal to the loss or gain of player j
when player i becomes incompatible with any other player.

Theorem 2.3  Alonso-Meijide and Casas-Méndez (2007). The value p is
the unique value on /(N) satisfying i-component efficiency and i-balanced
contributions.

3. The Banzhaf value for games with incompatible players

In this section we propose an extension of the Banzhaf value as a new value
on I(N). We characterize the proposed value, and the characterizations re-
veal that the properties satisfied by the new value and the value p are very
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similar. The difference lies on the fact that the former satisfies the i-total
power property and the latter the i-component efficiency property. This is
in correspondence with the previously mentioned distinction between the
Banzhaf value and the Shapley value previously mentioned.

Using the arguments of the total power and i-component efficiency prop-
erties jointly, we propose the i-total power property.

A value defined on I (N) satisfies i-total power if

Zf,NvI 2s122[ (LUi) —v(L)]

icS i€SLCS\i

for every (N,v,I) € I(N) and every S € N/I°.

The Banzhaf value for games with incompatibilities B is the natural
extension of the Banzhaf value to the class I(N) using the associated I-
restricted game, i.e.,

B (N,v,I) = B(N,V).
The next result shows that the Banzhaf value satisfies the properties intro-

duced above.

Lemma 3.1 The Banzhaf value for games with incompatibilities satisfies
i-fairness, i-balanced contributions, and i-total power properties.

Proof
i-fairness. Let i, j € N such that (i : j) ¢ I, then
2n—1 [ﬁiI(vavl) 7ﬁi[(N»v71U (i : ]))}

= Y [SUiuf) =V (Suj)+VI(Sui) =V (9)]
SCN\{i,j}

- Y Y SUiU ) —vUE S U ) v ED (S U D (S) ]
SEN\(i.j}

Since for all S C N\ {i, j},

V(8) =vYED (), v (SUi) =YD (SU), and v (SUJ) = vV (SU ),
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ﬁiI(N’vJ) 7[31‘1(N7V71U(i : ]))

— v’(suiuj)—v’U“if)(Suiuj)}
SCN\{i,j}

:B)I(N’val) 7[311(N7V71U (l : j))
i-balanced contributions. Let i, j € N, then

2L (BN D) = B (N v, 1)

= Y [SUivj)—v(SUj)+V(Sui) =V (S)]
SCN\{i,j}

— ¥ [Wsuiug) v (su )+ (sui) —vf*f(S)] .
SCN\{i,j}

Since forall SC N\ j,
v (8) =7 (S) and v (SU j) = V! (S) +v(j),
then

2n71 [ﬁiI(N,V,I) - ﬁiI(vaaI*jﬂ

= Y PSuiu)—v(Sui)—v(SU )+ (S)]
SCN\{i,j}

:2’171 [ﬁ]I(Na V7I) - ﬁJI(N7 Val*i):l .
i-total power. Let S € N /I and take (N,v") € G(N) defined as follows,

1.5
vi2(T)= max v(L) forall T CN.
@ PeP(TmS,1)LZE:P @) -

First of all we will see that v = ¥ gep /e v/
Let P € P(T,I) and L € P. As L is I-admissible, it follows that L is a
connected component of N by the graph I°. Then,

ZV(L):Z Z v(LNS) = Z Zv(LﬁS)§ Z viS(T),

LepP LePSeN/I¢ SeN/IcLeP SeN/I¢
since {LNS| L € P} € P(TNS,I). Then,

Vi(T) < Z vIS(T), forevery T C N.
SeN/I¢
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On the other hand, let T C N. We build a partition P € P(T,I) as follows.
P = Ugep/ePs with Ps € P(T NS, 1) such that,

1.8 c
v (T) = v(L)= max v(L), forevery S e N/I°.
) L;s @) 0ep( TmSILEZ’Q /
Then,
V(T) > Y vy =Y V"S(T).
LeP SeN/I¢

Hence, the stated equality follows.
Given S € N/I¢ and using the additivity property of the Banzhaf value,
B, we have

Zﬁ;(Nava) = ZB/(N’VI)

jes jes
—Z Z Bi(NIT) = Z ZﬁJNVIT
jeSTeN/I¢ TeN/I¢ jES

For all T € N/I¢ and all i € N\ T, i is a null player in (N,v"T). Since
satisfies the null player property,

Zﬁj]'(NavJ) = Z Zﬁj(N’VI’T) = ZB/(Na‘}I’S) = Zﬁj(S vor

jes TEN/I¢ jES jes jes
Finally, taking into account that 8 satisfies the total power property,

Y Bj(N.vD) =} Bi(N.v)

jes jes
=Y Bi(sVT) = 2“222 (LUj)—V (L)) O
jes JESLCS\j

Next, we provide a characterization of the Banzhaf value for games with
incompatibilities.

Theorem 3.2 The Banzhaf value for games with incompatibilities, B/, is
the unique value on /(N) satisfying i-total power and i-balanced contribu-
tions.

Proof
Existence It was proved in Lemma 3.1.
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Uniqueness Let f be an allocation rule satisfying the properties and
(N,v,IN) € I(N). Then, N/(IN)¢ = {{1},{2},...,{n}}. Since f satis-
fies i-total power we have,

FIN VY = (v(1),...,v(n)),

and hence f is unique. Suppose that there are two different values f!
and f? satisfying the properties. Then, there is (N,v,) € I(N) such that
FYUN,v,I) # f>(N,v,I) and I # IV. Hence, we can take I € GR(N) with the
maximum number of links for which the inequality holds. Let i € N such
that £1(N,v,1) # f2(N,v,I).

If for all j € N\ i, (i:j) €1, then {i} € N/I° and applying the i-total
power property we come to contradiction.

If there is j € N \ i such that (i : j) ¢ I. Then by i-balanced contributions
and the maximality of 7,

N D) = i (N v = fH (N I7) = £ (N v )
=fE(Nv,I) = fF(Nv, 1) = fA(N,v,]) = fF(N,v,])

Moreover, let S € N/I¢ such that i € S, then (i : j) ¢ I for all j € S and
there are {i|,iy,...,ix} C S such thati =i, j =i, and (i; : {;11) ¢ I for all
I=1,...,k—1. Hence, by (1) we have,

ey

faNv D)= AN D) = RN = f2(N,v1)
(NI = fi (N, D) - 2 (NI = f2(Nv,I).
Adding up both sides,
LN D) = f](Nv.I) = fE(Nv,I) = fH(N,v,]). 2)

On the other hand, using the i-total power property we have,

Y AN D) = 25122 (TUi) = (D)] =Y fANvI).  (3)

ieS iESTCS\i ieS
By (2) and (3) it follows,
sfHNwI) = sfE(Nw D),

hence, we come to contradiction. OJ
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In a similar way, we can obtain a characterization of the value by means
of the i-fairness property instead of the i-balanced contributions property.
This result is presented in the next theorem without proof.

Theorem 3.3 The Banzhaf value for games with incompatibilities, B/, is
the unique value on /(N) satisfying i-total power and i-fairness.

4. Application to the Basque Country Parliament

The Parliament of the Basque Country, one of Spain’s seventeen regions,
is constituted by 75 members. Since most decisions are taken by majority,
the characteristic function of the game played by the parties with parlia-
mentary representation is as follows, unity for any coalition adding up 38
or more members, and zero for the rest. We will consider the situation in
the Parliament after the elections in November 1986, because it has been
studied before in Carreras and Owen (1996) using the Shapley value and its
modification p and in Alonso-Meijide and Casas-Méndez (2007) using the
Public Good Index and its modification taking into account an incompati-
bility graph. The Parliament was composed by 19 members of the Spanish
socialist party PSE, 17 members of the Basque nationalist conservative party
PNV, 13 members of the Basque nationalist social democrat party EA, 13
members of the Basque nationalist left-wing party HB, 9 members of the
Basque nationalist moderated left-wing party EE, 2 members of the Spanish
conservative party CP, and 2 members of the Spanish centrist party CDS. In
the papers mentioned above, taking into account the behavior of the parties
and the declarations made by the representatives of the parties involved, an
incompatibility graph compound by the following links is given:

(PSE : HB), (PSE : CP),(HB: EE),(HB : CP),(HB : CDS).

For a more detailed description of each party and their political positions the
reader is referenced to Carreras and Owen (1996).

In the original simple game there are twelve possible minimal winning
coalitions, but when we consider the I-restricted game with the incompati-
bility graph only six minimal winning coalitions are feasible.

In Table 1, we present the Banzhaf value, 3, and the Banzhaf value for
games with incompatibilities, /.

The depicted results are similar to those presented in Carreras and Owen
(1996) and Alonso-Meijide and Casas-Méndez (2007). PNV ranks first,
even though PSE has more seats. PNV and EA are the only parties which
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Party | Seats | f3 B!

PSE 19 | 4688 .40625
PNV 17 4688 53125
EA 13 2812 40625
HB 13 2812 .09375
EE 9 2812 28125
CP 2 .0312 0
CDS 2 0312 .09375

Table 1 — The Banzhaf and Incompatibility Banzhaf values

increase their power significantly. CP becomes a null player because his
rejection to PSE and HB.
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